Mathematica 11.3 Integration Test Results

Test results for the 106 problemsin "4.4.2.1 (a+b cot)"m (c+d
cot) n.m"

Problem 1: Result more than twice size of optimal antiderivative.

J(a+1‘1a€ot[c+dx])”d1x
Optimal (type 5, 49 leaves, 2 steps):

1 1
i (a+iaCot[c+dx])"Hypergeometric2F1[1, n, 1+n, — (1+iCot[c+dx])]
2dn 2

Result (type 5, 112leaves):
1

—————i (1+iCot[c+dx]) " (a+iaCot[c+dx])" |2 (1+n) (-1+ (1+iCot[c+dx])")+
4dn (1+n)

1
n(1+1iCot[c+dx])""Hypergeometric2F1[1, 1+n, 2+n, N (1+iCot[c+dx]) |

Problem 41: Result unnecessarily involves imaginary or complex numbers.

JCot [X]2+V1+Cot[x] dx

Optimal (type 3, 223 leaves, 12 steps):
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|2 1+ -2+1+Cot[x
1+ ArcTan | }+
AR \/ [ 2va)

|2 1+ +2+1+Cot[x
«/ 2207}

Log[1++/2 +Cot[x] - |2 V1 +Cot [x

2 2(1+\/7)

ArcTan

} .

N\I—‘

2 (1+Cot[x])??+
3

Log[1++/2 +Cot[x] +_|2 (1+\/?) 1+ Cotix] |

2 2(1+\/7)

Result (type 3, 69 leaves):
—i+1-1 ArcTanh[—iLiEgELiLﬁ +iv1+1 ArcTanh[—iLiEEElil—]— 2 (:I.+Cot[x])3/2

v1-1i V1+i 3

Problem 42: Result unnecessarily involves imaginary or complex numbers.

JCOt ] Vv1+Cot| dx

Optimal (type 3, 135leaves, 6 steps):

(—1+—VET) Ar‘cTan[43\[2+(2\[2> COt[X]] +

2~/ -7+5+/2 +/1+Cot[x]

4:3/2 + (2+\/7) Cot [x]
247+5/2 ~/1+Cot[x]

Result (type 3, 61leaves):
VﬁrjiiAPcTanh[1EE£§§EEX£{ +\ﬁfjifArcTanh[EEE£§§EEEEL

N |

N |

(1+~VE?) ArcTanh[ ]——2\/14—Cot[x]

| -2+/1+Cot[x]
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Problem 43: Result unnecessarily involves imaginary or complex numbers.

JCO‘t [x]2 (1+Cot[x])*?dx

Optimal (type 3, 139 leaves, 8steps):
3242 + (1-\/7) Cot [x]

- —1+\/7 Ar‘cTan[

/2(77+5\/7) 1+ cCot[x]

3+2ﬁ+(1+ﬁ) Cot [x]

1++/2 ArcTanh [

| +2+/1+ Cot[x] 2 (1+cCot[x])®?
5
|2 (7+5\/7) V17 Cot[x]

Result (type 3, 96 leaves):
ArcTanh[:1+c°t[X] ] Ar‘cTanh[:1+C°t[x] ]
= Vi

1+1

Sin[x] [-2 = + (1+Cot[x] )ZSin[x] -
1-1 1+1

2 (1+Cot[x])*? (-5+2Cot[x] +Csc[x]?) Sin[x] / (Cos[x] +Sin[x])?
5

Problem 44: Result unnecessarily involves imaginary or complex numbers.

JCOt [x] (1+Cot[x])>?dx

Optimal (type 3, 221 leaves, 14 steps):
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2 (1+ﬁ) ~2+/1+Cot[x]

-\/1++/2 ArcTan| |+
2 (71”5)

2 (1+\/7) +2/1+Cot[x]

1++/2 Ar‘cTan[ ]—2\/1+C0t[x] -
2(71“/?)

, Log[1++/2 +Cot[x] - 2(1+ﬁ) V1+Cot(x] |

= (1+Cot[x])>%- N

3 2142

Log[1++/2 +Cot[x] + |2 (1+ﬁ) 1+ Cot[x] |

24142
Result (type 3, 98 leaves):

Sin[x]
((1“1) i1 ArcTanh [ RO T ArcTanh[iﬂw}] (1+Cot[x])?
Vi1-1 V1i+i

Sin[x] - 2 (1+Cot[x] )3/2 (4+Cot[x]) (Cos[x] +Sin[x])
3

]/ (Cos[x] JrSin[x])2

Problem 45: Result unnecessarily involves imaginary or complex numbers.

J Cot[x]? dx
\/1+ Cot[x]

Optimal (type 3, 214 leaves, 12 steps):
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2 (1+\/7) ~2+/1+Cot[x]

1 1++/2 ArcTan| |+
2

2(71“/7)
. 2(1+\E) +2+/1+ Cot[x]
— 1+\E Ar‘cTan[ }f
2

2(71+ﬁ)

Log[1++/2 +Cot[x] - 2(1+ﬁ) 1+ Cot(x] |

2+/1+Cot[x] - +

4+/1++/2

Log[1++/2 +Cot[x] + |2 (1+ﬁ) 1+ Cot[x] |

a~1++/2
Result (type 3, 67 leaves):
\/1+ Cot [x] 1 A1+ Cot[x

1 <1—Ji>3/2Ar'cTanh[ |+ = (1+1‘1)3/2Ar'cTanh[

}—2x/1+Cot
2 1-1 2 V1i+i

Problem 46: Result unnecessarily involves imaginary or complex numbers.
Cot [x]
Ji dx
\1+Cot[x]
Optimal (type 3, 121 leaves, 5steps):

L TvE acran[ S oot

1
’ /2(—7+5ﬁ) 1+ Cot[x]

1 3+2\/?+ Cot[x]
f\/1+\/7 Ar‘cTanh )
2

|2 75W \1+Cot[x]

Result (type 3, 51 leaves):
ArcTanh[C1+c°t[x] ] ArcTanh[l:hCOtm }

Vi1
4
1-1 1+1
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Problem 47: Result unnecessarily involves imaginary or complex numbers.
2
J Cot [x] dx
(1+cCot[x])??
Optimal (type 3, 139 leaves, 6 steps):

4—3\/7+(2—ﬁ) Cot [x]
( 1+\/7) Ar'cTan[ }+

2+/-7+5+/2 ~/1+Cot[x]
4+3ﬁ+(2+ﬁ)Cot[x]] 1
N

N |

1]t (1+\/?) ArcTanh |

2\ 2 27547 JiTGotx)  Vi+Cotix]
Result (type 3, 65leaves):
L arcrann VIO 1 VEGER
? Vi-d 2 Viei JTiCotix]

Problem 48: Result unnecessarily involves imaginary or complex numbers.
J Cot [x] dx
(1+cot[x])??
Optimal (type 3, 226 leaves, 13 steps):

/2 1+ -2+vV1+CotJ
1+ ArcTan | }—
2 X/ ([22)

|2 1+ +2+1+Cot[x
ArcTan| ]—
o x/ [aa)

. Log[1++/2 +Cot[x] - [2 \/1+Cot

V1+Cot[x] i 4 2<1+\/?)

Log[1++/2 +Cot[x] + |2 (1+ﬁ) 1+ Cot[x] |

4 2(1+ﬁ)
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Result (type 3, 71 leaves):

lj_ﬁ/l_]'l A"CTanh{@}—liMArcTanh[m]— 1
2 Vi-i 2 Nevwn J1:cCotix]

Problem 49: Result unnecessarily involves imaginary or complex numbers.
2
j Cot [x] dx
(1+Cot[x])®?
Optimal (type 3, 143 leaves, 8 steps):

LT e[S
2(-7+5\/7) V1+Cot[x]

3+2+/2 + [1++/2 ) Cot[x]
%\/1+\E Ar‘cTanh[ ( ) }+3(1 COlt[x])3/2 . clt
+ V1+
/2(7+5ﬁ) 1+ Cot[x] ot 1]

Result (type 3, 75leaves):

1+Cot [X] 1+Cot [x]
ArcTanh | — | ) ArcTanh | — ] ) 2 3Cot(x]
2+/1-1 2+/1+1 3 (1+Cot[x])>?

Problem 50: Result unnecessarily involves imaginary or complex numbers.
J Cot [x] dx
(1+cCot[x])*?

Optimal (type 3, 216 leaves, 13 steps):
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2 (1+\/7) ~2+/1+Cot[x]

l\/1+\/7 ArcTan| ] -

4

2(71“5)
. 2(1+\E) +2+/1+ Cot[x]
— 1+\E Ar‘cTan[ }f
4
2(71+ﬁ)
. Log[1++/2 +Cot[x] - 2(1+ﬁ) V1+Cot(x] |
. _
3 (1+Cot[x])*? 8 J1:+2

Log[1++/2 +Cot[x] + |2 (1+ﬁ) 1+ Cot[x] |

8\1+V2
Result (type 3, 69 leaves):
1 (1—1‘1)3/2Ar'cTanh[71+COt[XJ ] L (1+1)%2ArcTanh] 1+Cotx] ] - !
4 N 4 1+1 3 (1+Cot[x])>?

Problem 75: Result unnecessarily involves imaginary or complex numbers.

(eCot[c+dx])"?
J( dx

a+bCot[c+dx])?

Optimal (type 3, 437 leaves, 16 steps):

/b /e Cot[c+dx] }

a®/2 (3a%+7b?) e’/2 ArcTan | N
a e

+

b5/2 (a?+b?)*d

(a®-2ab-b?) e’/ ArcTan|[1 - Y2 yJecot(crdx] ] (a?-2ab-b2) e’/2ArcTan[1+ Y2 yJecot(crdx] ]

Ve ) Ve
V2 (a?+b2)%d V2 (a?+b2)%d
(3a%2+2b2) e*~/eCot[c+dx] a?e? (eCot[c+dx])*? 1
+ +
b? <a2+b2)d b<a2+b2)d(a+bCot[c+dX]) 2\/?(32+b2>2d

(a?+2ab-b?) e”’?Log[Ve +e Cot[c+dx] -2 JeCot[c+dx] | -

~ ! . (a®+2ab-b?) e”?Log[e +e Cot[c+dx] +V2 eCot[c+dx] |
22 (a?+b?)°d

Result (type 3, 775leaves):
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(eCot[c+dx])"?Sec[c+dx]? (bCos[c+dx] +aSin[c+dx])?

2 a3Sin[c+dx]
b> b?(-ia+b) (ia+b) (bCos[c+dx]+aSin[c+dx]) /
1
2 (a-ib) (a+ib)b2dCotlc+dx]7/? (a+bCot[c+dx])2

Cscc+dx]? (bCos[c+dx] +aSin[c+dx])2

Tan[c +dx]

(d (a+bCot[c+dx])2) -

(ecCot[c+dx])”?

/b +/Cot[c +dx]
Va

2 (3a®+3ab?) ArcTan| | (a+bCot{c+dx]) Csc[c+dx]?

Sec[c +dx]

/(\/a_\/F(1+Cot[c+dx]2)2(b+aTan[c+dx])) -

ab?Cos[2 (c+dx)| (a+bCot[c+dx]) Csc[c+dx]>

4 (a%-b?) Ar‘cTan[EF Cot(c+dx] ]
VEX +\/7(2(a—b)Ar‘cTan[l—\/?\/Cot[Cerx]}—

Va Vb
2 (a-b) ArcTan[1++/2 +/Cot[c+dx] |+ (a+b) (Log[l—ﬁ\/Cot[Cerx] +

Cot[c+dx}]—Log[1+\/?\/Cot[c+dx} +Cot[c+dx}])) Sec[c+dx}/

(2 (a®+b?) (-1+Cot[c+dx]?) (1+Cot[c+dx]?) (b+aTan[c+dx])) -
1

4 (a?+b?) (1+Cot[c+dx]?) (b+aTan[c+dx])

\/Fx/Cot[c+dx] ]+\/?
Va

(72 (a+b) ArcTan[1-+/2 +/Cot[c+dx] | +2 (a+b) ArcTan([1++/2 V/Cot[c+dx] | +
(a-b) (Log[l—\/?\/Cot[Cerx} +Cot[c+dx] ] - Log|

b> (a+bCot[c+dx]) Csc[c+dx]?

-8+/a WAr‘cTan[

Sec[c+dx]2Sin|[2 (c+dx) |

1++/2 /Cot[c+dx] +Cot[c+dx]}))
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Problem 76: Result unnecessarily involves imaginary or complex numbers.

(eCot[Cerx])S/2
J dx

(a+bCo‘c[c+dx])2

Optimal (type 3, 393 leaves, 15 steps):

a*? (a%+5b?) eS/ZAr‘cTan[\m eCotlerdx] | (a®+2ab-b?)e*2ArcTan|1- J2 e Cot(crdx] ]

. Va e B Ve N
b®/2 (a?+b?)*d V2 (a2+b?)%d
(a?+2ab-b?) e52ArcTan[1+ /2 ec}:[“dx] ] 22e?\eCotcrdx]
+ +
\/T(a2+b2>2d b (a?+b?) d(a+bCot[c+dx])
s ! . (a®-2ab-b?) e*?Log[Ve +Ve Cot[c+dx] -2 JeCot[c+dx] | -
22 (a?+b?)°d
1

(a®>-2ab-b?) e*’2Log[ve ++/e Cot[c+dx] +/2 VeCot[c+dx] |
2+/2 (a?+b2)?d

Result (type 3, 731 leaves):
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(az (eCot[c+dx])>?Sec[c+dx] (bCos[c+dx] +aSin[c+dx]) Tan[c+dx])/
(b (-ia+b) (ia+b)d (a+bCot[c+dx})2) +
1

2(a-1ib) (a+ib)bdCot[c+dx]*? (a+bCot[c+dx])?

(eCot[c+dx])>?Csc[c+dx]? (bCos[c+dx] +aSin[c+dx])?

\/F\/Cot[c+dx1
Va

- |2 (a®+b?) ArcTan| | (a+bCotc+dx]) Csclc+dx]?Sec[c+dx]

/

(\EW<1+Cot[c+dx]2)2(b+aTan[c+dx])) -
b’>Cos[2 (c+dx)| (a+bCot[c+dx]) Csc[c+dx]?

4 (az—bz) Ar‘cTan[Eﬁ Cot(c+dx] }
2 +\E(2<a—b>Ar‘cTan[l—\E\/Cot[c+dx]}f

Vo b
2 (a-b) ArcTan[1++/2 V/Cot[c+dx] | + (a+b) (Log[lfx/?\/Cot[Cerx] +

Cotc+dx]] -Log[1++/2 +/Cot[c+dx] +Cot[c+dx}])) Sec[c+dx}/

(2 (a2+b2) (—1+Cot[c+dx]2> (1+Cot[c+dx]2) (b+aTan[c+dx])) +
1

4 (a?+b?) (1+Cot[c+dx]?) (b+aTan[c+dx])

Vb VCot[c+dx]
Va
(72 (a+b) ArcTan[1-+/2 +/Cot[c+dx] | +2 (a+b) ArcTan[1++/2 ~/Cot[c+dx] |+
(a-b) (Log[lfﬁerCot[Cerx}]7Log[

ab (a+bCot[c+dx])Csclc+dx]?

~8+a \/FAr'cTan[

e

1+\E\/Cot[c+dx] +Cot[c+dx]}))

Sec[c+dx]2Sin|2 <c+dx)]

Problem 80: Result unnecessarily involves imaginary or complex numbers.
f 1
(eCot[c+dx])*? (a+bCot[c+dx])?

dx

Optimal (type 3, 437 leaves, 16 steps):
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[ \/b +/ecCot[c+dx] ]
Va Ve

a5/2 (az N bz) 2 de3/2

b5/2 (7 a?+3 bZ) ArcTan

A2 /ecCot[c+dx] ] /2 \/eCot[c+dx] }
e

Ve + +
V2 (a2+b?)?de3? V2 (a2 +b2)?de’?
2a2+3b2 b2
a2 (a2+b2)de\/m_a(a2+b2)dem(a+bCot[c+dx]) '
(a®-2ab-b?) Log[Ve ++/e Cot[c+dx] -~/2 VeCot[c+dx] |
2\/7<a2+b2)2de3/2 .
(a®-2ab-b?) Log[Ve ++/e Cot[c+dx] ++/2 VeCot[c+dx] |
2+/2 (a?+b2)2de¥?

(a2+2ab—b2>Ar‘cTan[1— (a2+2ab—b2)Ar'cTan[1+

Result (type 3, 773 leaves):
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Cot[c+dx]?Csc[c+dx]? (bCos[c+dx] +aSin[c+dx])?

[ b3Sin[c +dx] 2Tan[c +dXx] /
a? (a?+b?) (bCos[c+dx] +aSin[c+dx]) a2
(d (ecCot[c+dx])>? (a+bCot[c+dx])2) -

1

2a% (-ia+b) (ia+b)d(eCot{c+dx])>? (a+bCot[c+dx])?

Cot[c+dx]??Csc[c+dx]* (bCos[c+dXx] +aSin[c+dx])2

\/b +/Cot[c +dx]
Va

2 (3a’b+3b’) ArcTan| | (a+bCot{c+dx]) Csclc+dx]?

Sec[c +dx]

/(\/a_\/F(1+Cot[c+dx]2)2(b+aTan[c+dx])) +

a’bCos |2 (c+dx>] (a+bCot[c+dx]) Csclc+dx]>

4 (a% - b?) Ar‘cTan[EF Cot(c+dx] ]
Ve +\/7(2(a—b)Ar‘cTan[l—\/?\/Cot[Cerx]}—

Vo b
2 (a-b) Ar‘cTan[1+\/7\/Cot[c+dx] |+ (a+b) (Log[l—ﬁ\/Cot[Cerx] +

Cot[c+dx]]—Log[1+\/7x/Cot[c+dx} +Cot[c+dx}])) Sec[c+dx}/

(2 (a®+b?) (-1+Cot[c+dx]?) (1+Cot[c+dx]?) (b+aTan[c+dx])) -
1

4 (a?+b?) (1+Cot[c+dx]?) (b+aTan[c+dx])

/b +/Cot[c +dx] vz
Va

(—2 (a+b) ArcTan[1-+/2 +/Cot[c+dx] | +2 (a+b) ArcTan[1++/2 ~/Cot[c+dx] |+
(a-b) (Log[l—\/?\/Cot[Cerx} +Cot[c+dx] | - Log|

a® (a+bCot[c+dx]) Csc[c+dx]?

-8+/a WAr‘cTan[

1+\/?\/Cot[c+dx] +C0t[C+dX]}))

Sec[c+dx]2Sin[2 (c+dx) ]
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Problem 81: Result unnecessarily involves imaginary or complex numbers.

dx

J <eC0t[C+dX])9/2
(a+bCot[c+dx])3

Optimal (type 3, 529 leaves, 17 steps):

/b /e Cot[c+dx] }

a®/2 (15a%* + 46 a? b2 + 63 b*) e®/2 ArcTan|
Va e

+

4b7/2 (a2 +b2)° d

/2 /eCot[c+dx] }

(a-b) (a®>+4ab+Db?) eg/zArcTan[l—
Ve

V2 (a2+b?)°d

(a—b) (a2+4ab+b2> eg/ZAr‘cTan[1+ V2 +JecCot[c+dx] }

Je
V2 (a2+b?)°d _
(15a%+31a2b% + 8b*) e*+/eCot[c+dx] a?e? (eCot[c+dx])*?
4b3 (a2+b2)2d +2b(a2+b2)d(a+bCot[c+dx})2+
a? (5a2+13b2) e* (eCot[c+dx])>? 1
4b? (a2 +b2)?d (a+bCot[c+dx]) _2\E(a2+b2)3d
(a+b) (a®>-4ab+b?) e9/2Log[\/?+\/?Cot[c+dx] —\/Tx/m] +
! (a+b) (a2—4ab+b2)e9/2Log[\/?+\/FCot[c+dx]+\/7m]

2+/2 (a2+b2)°d

Result (type 3, 897 leaves):
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(eCot[c+dx])®?Sec[c+dx]? (bCos[c+dx] +aSin[c+dx])?

5a*+8aZb%+4b* at

- +
2 b3 (—Jia+b)2 (Jia+b)2 2b (—Jia+b)2 (Jia+b)2 (bCos[c+dx] +aSin[c+dx])2

/

8(a-ib)?(a+ib)*b*dCot[c+dx]%2 (a+bCot[c+dx])>

(eCot[c+dx])??Csc[c+dx]® (bCos[c+dx] +aSin[c+dx])>

|

+

-5a°Sin[c+dx] -17a3b?Sin[c +dx]

Tan[c +d x]

4b3 (—J‘la+b)2 (Jia+b)2 (bCos[c+dx] +aSin[c+dx])

(d(a+bCot[c+dx])3)— !

b ~/Cot[c +dx]
Va

2 (15a° +31ab? + 16 ab*) ArcTan|

| (a+bCotc+dx])

Csc[c+dx]3>Sec[c+dx]

/(\/?\/F(1+Cot[c+dx]2)z(b+aTan[c+dx]))]—
(1/((a*>+b*) (-1+Cot[c+dx]?) (1+Cot[c+dx]?) (b+aTan[c+dx])))
4ab*Cos[2 (c+dx)| (a+bCot[c+dx]) Csc[c+dx]>

/b +/Cot[c+dx] ]
Ja +\/7(2(a—b)Ar‘cTan[l—\/?\/Cot[c+dx1 ] -

4 (a2 - b?) ArcTan [

Va Vb

2 (a-b) Ar‘cTan[1+\E\/Cot[c+dx] |+ (a+b) (Log[l—\/?\/Cot[c+dx} +

Cot[c+dx]} —Log[1+ﬁ\/Cot[c+dx] +Cot[c+dx]])) Sec[c+dx] -

1
(-4a2b*+4b°) (a+bCot[c+dx])
4 (a?+b?) (1+Cot[c+dx]?) (b+aTan[c+dx])
JeotTeranT
Cscc+dx]? —8\/?\/FAr‘cTan[\/F Citﬁ[UdX} | +V2
a

(72 (a+b) ArcTan[1-+/2 +/Cot[c+dx] | +2 (a+b) ArcTan[1++/2 ~/Cot[c+dx] |+
(a-b) (Log[l—\/?\/Cot[c+dx} +Cot[c+dx]| - Log|

1++/2 V/Cot[c+dx] +Cot[c+dx]”) Sec[c+dx]2Sin|2 <c+dx)]
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Problem 82: Result unnecessarily involves imaginary or complex numbers.

(eCot[c+dx])7/2
J dx

(a+bCot[c+dx])3
Optimal (type 3, 476 leaves, 16 steps):

a*? (3a*+6a2b?+35b%) e7/2Ar‘cTan[W ecot[c+dx] ]
V7 /e

- +

4b%2 (a2+b2)°d

(a+b) (az—4ab+b2) e7/2Ar‘cTan[1f W2 +JeCot[c+dx] }

Ve
V2 (a2+b?)°d

A2 /eCot[c+dx] }

(a+b) (a®-4ab+b?) e’/2 ArcTan|[1 +
e

V2 (a2+b?)°d
a’e? (eCot[c+dx])*? a? (3a2+11b2) e*VeCot[c+dx] 1
2b<a2+b2)d(a+bCot[c+dx])2+4b2 (a2 +b?)%d (a+bCot[c+dx]) +2\/7(a2+b2)3d
(a-b) (a*+4ab+b?) e’/2 Log[Ve ++/e Cot[c+dx] -2 VeCot[c+dx] |-

v 1 ¥ (a-b) (a®+4ab+b?) e”2Log[+/e ++e Cot[c+dx]+V2 VeCot[c+dx] |
242 (a2+b%)°d

+

Result (type 3, 870leaves):
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(eCot[c+dx])"?Sec[c+dx]? (bCos[c+dx] +aSin[c+dx])?

- +

2 b? (—J‘La+b>2 (J‘La+b)2 2 (—ia+b)2 (Jia+b)2 (bCosfc+dx] +aSin[c+dx])2

]/(d (a+bCot[c+dx])3) +

[ a3 a3

a*Sin[c+dx] +13a?2b?Sin[c +dx]

4 b2 (—J‘la+b)2 (Jia+b)2 (bCos[c+dx] +aSin[c+dx])
1

8(a-ib)?(a+ib)*b2dCot[c+dx]7/2 (a+bCot[c+dx])>
(eCot[c+dx])"?Csc[c+dx]® (bCos[c+dx] +aSin[c+dx])>
{ \mx/Cot[Cerx]
Va

2 (3a*+7a’b”+4b%) ArcTan |

| (a+bCot[c+dx]) Csc[c+dx]?

Sec[c +dXx]

/(\/?\/F(1+Cot[c+dx]2)2(b+aTan[c+dx]))]—
(-4a’b?+4b*) Cos[2 (c+dx)] (a+bCot[c+dx]) Csclc+dx]>

4 (a%-b?) Ar‘cTan[EF Cot(c+dx] ]
Va +\/7(2(a—b)Ar‘cTan[l—\/?\/Cot[Cerx]}—

Va Vb
2 (a-b) ArcTan[1++/2 +/Cot[c+dx] |+ (a+b) (Log[l—\/?\/Cot[c+dx] +

Cot[c+dx]]| -Log[1++/2 ~/Cot[c+dx] +Cot[c+dx}])) Sec[c+dx}/

(2 (a?+b?) (-1+Cot[c+dx]?) (1+Cot[c+dx]?) (b+aTan[c+dx])) +

1
(a2+b?) (1+Cot[c+dx]2) (b+aTan[c+dx])
JEoETe AT
2ab’ (a+bCot[c+dx]) Csc[c+dx]? 78\/?\/FArcTan[\/F ci;_[CHjX] ] +vV2
a

(—2 (a+b) ArcTan[1-+/2 V/Cot[c+dx] | +2 (a+b) ArcTan[1++/2 V/Cot[c+dx] | +
(a-b) (Log[l—ﬁx/Cot[Cerx} +Cot[c+dx] | - Log|

1++/2 \/Cot[c+dx] +Cot[c+dx]}))

Sec[c+dx]?Sin[2 (c+dx) ]
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Problem 83: Result unnecessarily involves imaginary or complex numbers.

dx

J (eCot[Cerx])S/2
(a+bCot[c+dx])3

Optimal (type 3, 470leaves, 16 steps):

[\/F e Cot[c+dx] }

va (a*+18a2b%-15b?*) e>/2 ArcTan
(=" ) Vs Ve

4b%2 (a2 +b2)°d

(a—b) (az+4ab+b2) e5/2Ar‘cTan[17 W2 +JeCot[c+dx] }

e +
ﬁ<a2+b2)3d
(a—b) (a2+4ab+b2> e5/2Ar‘cTan[1+ V2 +JecCot[c+dx] }
Je +
\/7<a2+b2)3d
a’e? /e Cotlcrdx] a (a2+9b2) e?\/eCot[crdx] 1

.
2b (a2+b?) d (a+bCot[c+dx])? 4b(a2+b?)?d (a+bCot[c+dx]) 2+/2 (a’+b2)%d
(a+b) (a®-4ab+b?) e®?Log[e +Ve Cot[c+dx] -2 +/eCot[c+dx] |-

! (a+b) (a*-4ab+b?) eS/ZLog[\/?Jr\/?Cot[Cerx] ++/2 VeCot[c+dx] ]
2+/2 (a?+b?)°d

Result (type 3, 864 leaves):
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(eCot[c+dx])>?Csc[c+dx] Sec[c+dx]? (bCos[c+dx] +aSin[c+dx])>

a? a’b

- +
2b (—J‘La+b)2 (Jia+b)2 2 (—J‘La+b)2 (Jia+b)2 (bCosfc+dx] +aSin[c+dx})2

]/ (d (a+bCot[c+dx])3) +

3 (-a’sin[c+dx] +3ab?Sin[c+dx])

4b (—J‘la+b)2 (J‘la+b)2 (bCos[c+dx] +asSin[c+dx])
1

8(a-ib)?(a+ib)?bdCot[c+dx]*? (a+bCot[c+dx])>
(eCot[c+dx])>*Csc[c+dx]® (bCos[c+dx] +aSin[c+dx])>
( x/F\/Cot[c+dx}
Va

2 (a®+ab?) ArcTan |

| (a+bCotc+dx]) Csc[c+dx]35ec[c+dx}J/

(\/?\/F(1+Cot[c+dx]2)2(b+aTan[c+dx]))]—
(1/((a*>+b*) (-1+Cot[c+dx]?) (1+Cot[c+dx]?) (b+aTan[c+dx])))
4ab’Cos[2 (c+dx)| (a+bCot[c+dx]) Csc[c+dx]>

/b +/Cot[c+dx] ]
Ja +\/7(2(a—b)Ar‘cTan[l—\/?\/Cot[c+dx1 ] -

4 (a2 - b?) ArcTan [

Va Vb

2 (a-b) Ar‘cTan[1+\E\/Cot[c+dx] |+ (a+b) (Log[l—\/?\/Cot[c+dx} +

Cot[c+dx]} —Log[1+ﬁ\/Cot[c+dx] +Cot[c+dx]])) Sec[c+dx] -

- (-4a’b+4b*) (a+bCotc+dx])
4 (a?+b?) (1+Cot[c+dx]?) (b+aTan[c+dx])
JeotTeranT
Cscc+dx]? —8\/?\/FAr‘cTan[\/F Citﬁ[UdX} | +V2
a

(72 (a+b) ArcTan[1-+/2 +/Cot[c+dx] | +2 (a+b) ArcTan[1++/2 ~/Cot[c+dx] |+
(a-b) (Log[l—\/?\/Cot[c+dx} +Cot[c+dx]| - Log|

1++/2 V/Cot[c+dx] +Cot[c+dx]”) Sec[c+dx]2Sin|2 <c+dx)]
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Problem 84: Result unnecessarily involves imaginary or complex numbers.

(eCot[c+dx])3/2
J dx

(a+bCo‘c[c+dx])3

Optimal (type 3, 461 leaves, 16 steps):

(3a*-26a2b%+3b*) e3/2Ar‘cTan[\/F e Cot(c+dx] ]
Va e

4+/a Vb (a?+b?)*d

A2 /eCot[c+dx] }

(a+b) (a®-4ab+b?) e¥/2 ArcTan |1 -
\E

V2 (a2+b?)°d

+

\/2 /eCot[c+dx] }

(a+b) (a2—4ab+b2) e3/2 ArcTan|[1 +
\E

V2 (a2+b?)°d
ae+eCot[c+dx] (3a2-5b%) eeCot[c+dx] 1
2(a2+b2)d(a+bCot[c+dx])2 4(a2+b2)2d(a+bCot[c+dx]) 2ﬁ(a2+b2)3d
(a-b) (a®>+4ab+b?) e*’2Log[Ve ++/e Cot[c+dx] -2 VeCot[c+dx] | +

s ! ; (a-b) (a2+4ab+b2)e3/2Log[\/?+\/FCot[c+dx] +/2 VeCot[c+dx] |
2+/2 (a?+b?)°d

Result (type 3, 851 leaves):
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(eCot[c+dx])*?Csc[c+dx]?Sec[c+dx] (bCos[c+dx] +aSin[c+dx])>

- +

2 (—Jia+b)2 (Jia+b)2 2 (—J‘La+b)2 (Jia+b)2 (bCos[c+dx] +aSin[c+dx])2

]/ (d (a+bCot[c+dx])3) +

[ a ab?

-7a2Sin[c+dx] +5b%2Sin[c+dx]

4(—1’1a+b)2 (J‘La+b)2 (bCos[c+dx] +asSin[c+dx])
1

8 (a-ib)?(a+ib)*dCot[c+dx]3>2? (a+bCot[c+dx])>
(eCot[c+dx])**Csc[c+dx]® (bCos[c+dx] +aSin[c+dx])>
{ W\/COt[CerX]

Va

2 (-a®-b?) ArcTan |

| (a+bCot[c+dx]) Csc[c+dx]>Sec[c+dx]

/

(\/?\/F <1+Co‘c[c+dx]2)2 (b+aTan[c+dx]))] -
(4a%-4b?) Cos[2 (c+dx)]| (a+bCot[c+dx]) Csc[c+dx]?

4 (a%-b?) Ar‘cTan[EF Cot(c+dx] ]
Va +\/7(2(a—b)Ar‘cTan[l—\/?\/Cot[Cerx]}—

Va Vb
2 (a-b) ArcTan[1++/2 +/Cot[c+dx] |+ (a+b) (Log[l—\/?\/Cot[c+dx] +

Cot[c+dx]]| -Log[1++/2 ~/Cot[c+dx] +Cot[c+dx}])) Sec[c+dx}/

(2 (a?+b?) (-1+Cot[c+dx]?) (1+Cot[c+dx]*) (b+aTan[c+dx])) -
1

(a2+b?) (1+Cot[c+dx]2) (b+aTan[c+dx])

/b ~/Cot[c +dx] VT
\a

(—2 (a+b) ArcTan[1-+/2 V/Cot[c+dx] | +2 (a+b) ArcTan[1++/2 V/Cot[c+dx] | +
(a-b) (Log[l—ﬁx/Cot[Cerx} +Cot[c+dx] | - Log|

2ab(a+bCot[c+dx]) Cscc+dx]?

-8+/a WAr‘cTan[

1++/2 \/Cot[c+dx] +Cot[c+dx]}))

Sec[c+dx]?Sin[2 (c+dx) ]
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Problem 85: Result unnecessarily involves imaginary or complex numbers.
J \eCot[c+dx]

(a+bCot[c+dx])?

dx

Optimal (type 3, 463 leaves, 16 steps):

Vb eCot[c+dx]
b (15a*-18a%b%-b* ArcT
Vb (15a a ) Ve ArcTan| " ]

N
4 33/2 (a2+b2)3d

(a—b) (a2+4ab+b2) \/?Ar‘cTan[l— V2 \JeCot[c+dx] }

Ve
V2 (a2+b?)d

(a—b) (a2+4ab+b2> \/?Ar‘cTan[lJrﬁ e;‘;[“dx] }
V2 (a2+b?)°d
b+/eCot[c+dx] b (7a%-b2) "/eCot[c+dx] 1
2(a2+b2)d(a+bCot[c+dx])2+4a<a2+b2)2d(a+bCot[c+dx]) _Z\E(a2+b2)3d
(a+b) (a®-4ab+b?) Ve Log[Ve ++e Cot[c+dx] -+/2 VeCot[c+dx] |+

s ! ; (a+b) (a®-4ab+b?) Ve Log[e ++e Cot[c+dx] +/2 VeCot[c+dx] |
2+/2 (a?+b?)°d

+

Result (type 3, 852 leaves):
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VeCot[c+dx] Csclc+dx]® (bCos[c+dx] +aSin[c+dx])>

b b3

- + +

2 (—Jia+b>2 (J‘La+b)2 2 (—ia+b)2 (Jia+b)2 (bCosfc+dx] +aSin[c+dx])2

]/ (d (a+bCot[c+dx])3) +

11a?bSin[c+dx] -b3Sin[c +dx]

4a (—J‘la+b)2 (ia+b)? (bCos[c+dx] +asSin[c+dx])
1
8a(a-ib)? (a+ib)?>d~/Cot[c+dx] (a+bCot[c+dx])>
VeCot[c+dx] Csclc+dx]? (bCos[c+dx]+aSin[c+dx])>

|

x/F\/Cot[c+dx}
Va

2 (a’b+b?) ArcTan |

] (a+bCotfc+dx]) Csc[c+dx]35ec[c+dx}J/

(\/?\/? (1+Co‘c[c+dx]2)2 (b+aTan[c+dx]))] +

(1/((a®+b%) (-1+Cot[c+dx]?) (1+Cot[c+dx]?) (b+aTan[c+dx])))
4a’b Cos |2 (c+dx>] (a+bCot[c+dx]) Csclc+dx]>

Vb Cot[c+dx]]
Ja +\/7(2(a—b)Ar‘cTan[l—\/?\/Cot[c+dx} ] -

4 (a2 -b?) ArcTan [

Va Vb

2 (a-b) ArcTan[1++/2 +/Cot[c+dx] |+ (a+b) (Log[l—ﬁ\/Cot[c+dx] +

Cot[c+dx]} —Log[1+ﬁ\/Cot[c+dx] +Cot[c+dx]])) Sec[c+dx] -

- (4a°-4ab?) (a+bCot[c+dx])
4 (a®+b?) (1+Cot[c+dx]?) (b+aTan[c+dx])
JeotreraxT
Csclc+dx]? —ii\/?\/FAr‘cTan[\/F Cc\)/t—[c+dx1 | +v2
a

(-2 (a+b) ArcTan[1-+/2 \/Cot[c+dx] | +2 (a+b) ArcTan[1++/2 /Cot[c+dx] | +
(a-b) (Log[lfx/?\/Cot[c+dx} +Cot[c+dx]| - Log|

1+4/2 /Cot[c+dx] +Cot[c+dx]})) Sec[c+dx]2Sin[2 (c+dx) |
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Problem 86: Result unnecessarily involves imaginary or complex numbers.
J 1
VeCot[c+dx] (a+bCot[c+dx])>

dx

Optimal (type 3, 476 leaves, 16 steps):
b*/2 (35a%+6a2b?+3b*) ArcTan| Vb _yJeCot[c:dx] ]

Va e
4252 (a2 +b?)°d+/e

+

(a+b) (a2—4ab+b2> Ar‘cTan[lf V2 +JeCot[c+dx] ]

\/?
V2 (a2+b?)’de

(a+b) (a2_4ab+b2> AI"CTan[1+ \/T e Cot[c+dx] ]
Ve
V2 (a2+b2)’dve

b2 +/e Cot[c +dx] b? (11a?+3b?) /e Cot[c+dx]
- +
a(a?+b?)d (a+bCo‘c[c+dx])2 4a2(a2+b2)2de(a+bCot[c+dx])
2

(( b) (a +4ab+b2)Log{\/— \Je Cot[c+dx] \/Tx/m])/
(272 (a?+b?)2d /e | -
((a b) (a?+4ab+b?) Log[x@+x/?€ot[c+dx}+\/?m])/
(272 (a?+b?)d /e |

Result (type 3, 879leaves):
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Cot[c+dx] Csc[c+dx]> (bCos[c+dx] +aSin[c+dx])>

b2 b*
[Za (—Jia+b)2 (Jia+b>2 2a (—Jia+b)2 (Jia+b)2 (bCos[c+dx] +aSin[c+dx])2

%

3 (5a?b?Sin[c+dx] +b*Sin[c+dx])

4 32 (—J‘la+b)2 (Jia+b)2 (bCos[c+dx] +aSin[c+dx])

(dx/eCot[c+dx} (a+bCot[c+dx})3) -

1
8 a2 (a—jlb)2 (a+1‘1b)2d\/eCot[c+dx] (a+bCot[c+dx])3
VCot[c+dx] Csc[c+dx]? (bCos[c+dx] +aSin[c+dx])3

|

\/F\/Cot[c+dx}
Va

2 (—4a4—7 a’b?-3 b4) Ar‘cTan[

] (a+bCot[c+dx]) Csclc+dx]>

Sec[c +dx]

/(\/a_\/F(1+Cot[c+dx]2)2(b+aTan[c+dx])) -

(4a*-4a’b*) Cos[2 (c+dx)| (a+bCot[c+dx]) Csc[c+dx]?

4 (az—bz) Ar‘cTan[Eﬁ Cot(c+dx] }
Va +\/?(2<a—b>Ar‘cTan[l—\/?\/Cot[c+dx]}—

Va /b
2 (a-b) ArcTan[1++/2 V/Cot[c+dx] | + (a+b) (Log[l—\/?\/Cot[c+dx] +

Cot[c+dx]]| -Log[1++/2 +/Cot[c+dx] +Cot[c+dx1])) Sec[c+dx1/

(2 (a®+b?) (~1+Cot[c+dx]?) (1+Cot[c+dx]?) (b+aTan[c+dx])) -
1

(a2+b?) (1+Cot[c+dx]2) (b+aTan[c+dx])

Wx/Cotr[udx] vz

(—2 (a+b) ArcTan[1-+/2 +/Cot[c+dx] | +2 (a+b) ArcTan[1++/2 V/Cot[c+dx] | +
(a-b) (Log[lfﬁx/Cot[c+dx} +Cot[c+dx]] - Log|

2a’b (a+bCot[c+dx]) Csclc+dx]?

-8 \E \mAr‘cTan[

1++/2 /Cot[c+dx] +Cot[c+dx]}))

Sec[c+dx]?Sin[2 (c+dx) ]




26 | Mathematica 11.3 Integration Test Results for 4.4.2.1 (a+b cot)™m (c+d cot)”n.nb

Problem 87: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(eCot[c+dx])3/2 (a+bCot[c+dx])?

Optimal (type 3, 529 leaves, 17 steps):

[W e Cot[c+d x] ]

b5/2 (63 a* +46 a2 b? + 15 b4) ArcTan
Va Ve

4372 (az i b2)3 de3’/2

A2 +/ecCot[c+dx] ]

(a-b) (a?+4ab+b?) ArcTan|1 -
Ve

V2 (a2+b2)3’de3/2

+

(a—b) (a2+4ab+b2) Ar‘cTan[1+ V2 Jecot[c+dx] ]

Ve . 8a*+31a%b?+15b* )
\/7(a2+b2)3de3/2 433 (a2+b2)2de\/eCot[c+dx1
b2

2a (a?+b?)de+eCot[c+dx] (a+bCot[c+dx])2
b2 (13 a% + 5 b?)

4 a2 (a2+b2)2de\/eCot[c+dx} (a+bCot[c+dx])

+

Result (type 3, 894 leaves):
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Cot[c+dx]?Csc[c+dx]® (bCos[c+dx] +aSin[c+dx])>

b3 b5
- + +
2 a2 (—Jia+b)2 (Jia+b)2 2 a2 (—Jia+b)2 (Jia+b)2 (bCos[c+dx] +aSin[c+dx])2

|/

19 a?b3Sin[c+dx] +7b°>Sin[c +dx] 2Tan[c +dx]

+

433 (—Jia+b)2(i1a+b)2(bCos[c+dx1+aSin[c+dx]) a

3

(d (ecCot[c+dx])?? (a+bCot[c+dx])3) -
1

8a’(a-1ib)*(a+ib)*d (eCot[c+dx])>? (a+bCot[c+dx])>

Cot[c+dx]*?Csc[c+dx]? (bCos[c+dx] +aSin[c+dx])>

\/F\/COt[CerX]
Va

2 (16a*b +31a’b®+15b°) ArcTan| | (a+bCotc+dx])

Csc[c+dx]3Sec[c+dx]

/(\/a_\/F(1+Cot[c+dx]2)2(b+aTan[c+dx]))]+
(1/((a*>+b*) (-1+Cot[c+dx]?) (1+Cot[c+dx]?) (b+aTan[c+dx])))
4a*bCos|2 (c+dx)| (a+bCot[c+dx]) Csc[c+dx]>

[W Cot[c+dx] ]
Ja +\/7(2(a—b)Ar‘cTan[l—\/?\/Cot[c+dx1 ] -

4 (a2 - bz) ArcTan

Va Vb

2 (a-b) ArcTan[1+ﬁ\/Cot[c+dx] |+ (a+b) (Log[l—\/?\/Cot[c+dx] +

Cot[c+dx] ] -Log[1++/2 +/Cot[c+dx] +Cot[c+dx]])) sec[c+dx] -

1
(4a°-42a%b?) (a+bCot[c+dx])
4 (a?+b?) (1+Cot[c+dx]?) (b+aTan[c+dx])
JeotreraxT
Csc[c+dx]? 78\/?\/FAPcTan[\/F Citﬁ[UdX} | +v2
a

(—2 (a+b) ArcTan[1-+2 +/Cot[c+dx] | +2 (a+b) ArcTan[1++/2 /Cot[c+dx] |+
(a-b) (Log[l—\/?\/Cot[c+dx] +Cotc+dx]| - Log|

1++/2 /Cot[c+dx] +Cot[c+dx]})) Sec[c+dx]?Sin[2 (c+dx)]
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Problem 88: Result unnecessarily involves imaginary or complex numbers.

J(a+bCot[c+dx])”d]x

Optimal (type 5, 167 leaves, 5 steps):
a+bCot[c+dx]

]

/

- ( [b (a+bCot[c+dx] )1*” Hypergeometric2F1[1, 1+n, 2 +n,

(2\/—b2 (a—\/—bz ) d (1+n)]

(b (a+bCot[c+dx] )1”' Hypergeometric2F1[1, 1+n, 2+n,

a-Vv-b?

+

a+bCot[c+dx]

]

/

a+\/-b?

(2\/7b2 (a+x/7b2)d(1+n)]
Result (type 5, 161 leaves):

i(a+bCot[c+dx])"
2dn

([ a+bCot[c+dx] " . a+1ib

Hypergeometric2F1[-n, -n, 1-n, - |-
b (-i+Cotlc+dx]) b (-i+Cotlc+dx])

-n -a+1ib
) Hypergeometric2F1[-n, -n, 1-n, ]
) b (i+Cot[c+dx])

a+bCot[c+dx]
b (i +Cot[c+dx]

Problem 89: Unable to integrate problem.
J(a+bCot[e+Fx])"‘ (dTan[e+fx])"dx

Optimal (type 6, 193 leaves, 8 steps):

b Cot[e + fx]
- —————AppellF1[1-n, -m, 1,2-n, ——
Zf(l—n) a

b Cot[e + f x]
- t=r A

, —1Cotle+fx]|

-m

Cot[e + f x] (a+bCot[e+fx})"‘(1 (dTan[e+fx])" -

a

b Cot[e + fx]
7AppellF1[1—n, -m,1,2-n, - ———
2f (1-n) a

b Cot[e+f x]
=7 A

, i Cotle+fx]]

-m

Cot[e + fX] (a+bCot[e+Fx])m(1 (dTan[e+fx])"

a
Result (type 8, 25leaves):

J(a+bCot[e+Fx])"‘ (dTan[e+fx])"dx



Mathematica 11.3 Integration Test Results for 4.4.2.1 (a+b cot)™m (c+d cot)”~n.nb | 29

Problem 91: Result more than twice size of optimal antiderivative.
J 1-1Cot[c+dx]

dx

va+bCot[c+dx]

Optimal (type 3, 45leaves, 3 steps):

ZjAPcTanh[ a+b Cot[c+d Xx] }
\Ja+ib

Va+1ib d
Result (type 3, 128 leaves):

1
-1 Log[

Vva+1ib d Va+ib

ib <1+621'1 (c+dx))

]

71+e21'1 (c+d x)

2 Jibe“(c*dx)+a<—1+eZi(c*dX))+m(—1+621<“dx>>\/a+

Problem 93: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J A+BCot[c+dx] dx

a+bCot[c+dx])?

Optimal (type 3, 111 leaves, 3 steps):
(a2A-AbZ+2abB) x Ab-aB
+
(a2+b2)2 (a2+b?) d (a+bCot[c+dx])

(2aAb-a?B+b?B) Log[bCos[c+dx]+aSin[c+dx]]

(a?+b?)%d

Result (type 3, 352 leaves):
1

2 (a2+b2)2d (a+bCot[c+dx])

(ZazAb+2Ab3—2a3B—2ab2B+2a3Ac—4JiaZAbc—ZaAb2c+2jLa3Bc+
4a’bBc-2iab?Bc+2a’Adx-4ia’?Abdx-2aAb®dx+2ia’Bdx+4a?bBdx-
2iab’Bdx-2i (-2aAb+a’B-b’B) ArcTan[Tan[c+dx]] (a+bCot[c+dx]) -
2a2AbLog[(bCos[c+dx] +aSin[c+dx])2} +a3BLog[(bCos[c+dx} +aSin[c+dx])2] -
ab?BLog|(bCos[c+dx] +aSin[c+dx])?] +bCot[c+dx]

(2 (a—jlb)2 (A+iB) (c+dx)+ (-2aAb+a’B-b’B) Log| (bCos[c+dx] +aSin[c+dx])2”)
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Problem 94: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

A +BCot[c+dx]
J dx

(a+bCot[c+dx])?

Optimal (type 3, 175leaves, 4 steps):

(a3A—3aAb2+3a2bB—b3B)x+ Ab-aB .
(a2+b2)3 2(a2+b2)d(a+bCot[c+dx])2
2aAb-a2B+b2B (3a2Ab-Ab*-a*B+3ab?B) Log[bCos[c+dx] +aSin[c+dx]]
(a2+b2)2d(a+bCot[c+dx])7 (a?+b%)°d

Result (type 3, 863 leaves):

(b* (Ab-aB) <A+BCot[c+dx})Csc[c+dx]2(bCos[c+dx]+aSin[c+dx}>)/
(2(—]‘1a+b>2(J‘La+b)2d(a+bCot[c+dx])3(BCos[c+dx]+ASin[c+dx}))—
((—a3A+3aAb2—3a2bB+b3B) (c+dx) (A+BCotlc+dx])

Csc[c+dx]2(bCos[c+dx}+aSin[c+dx])3)/
((—J‘la+b>3(J‘la+b)3d(a+bCot[c+dx])3(BCos[c+dx]+ASin[c+dx}))+
((—31’1a7Ab3+3a6Ab4—5]iaSAb5+5a4Ab6—]'1a3Ab7+a2Ab8+JiaAbg—AbmHiaszB—

a’b*B-ia®b*B+a’b’B-5ia*b°B+5a’b’B-3ia*b®B+3ab’B) (c+dx)

(A+BC0t[c+dx])Csc[c+dx}2(bCos[Cerx]+aSin[c+dx])3)/((afjb)2

(a+1‘1b)3b2(—J’la+b)3(J‘La+b)3d(a+bCot[c+dx])3(BCos[c+dx]+ASin[c+dx}>)—
(1'1 (-3a®Ab+Ab’>+a*B-3ab’B) ArcTan[Tan[c+dx]] (A+BCot[c+dx])

Csc[c+dx]2(bCos[c+dx}+aSin[c+dx])3)/
((a2+b2)3d(a+bCot[c+dx})3(BCos[c+dx]+ASin[c+dx]))+
((—BaZAb+Ab3+a3B73ab2B) (A+BCot[c+dx]) Csclc+dx]>

Log[(bCos[c+dx] +aSin[c+dx])?] (bCos[c+dx]+aSin[c+dx])3)/
(2 (a2+b2)3d(a+bCot[c+dx})3(BCos[c+dx]+ASin[c+dx]))+

((A+BCot[c+dx])Csc[c+dx}2(bCos[c+dx]+aSin[c+dx])2
(3aAbSin[c+dx]—ZaZBSin[c+dx}+bZBSin[c+dx]))/

((71'1a+b)2(J‘la+b)2d(a+bCot[c+dx])3(BCos[c+dx]+ASin[c+dx}))

Problem 95: Result more than twice size of optimal antiderivative.

J(aerCot[c:erx])S/2 (A+BCot[c+dx]) dx

Optimal (type 3, 188 leaves, 10 steps):
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(a—jlb)s/z (iA+B) ArcTanh| a+b Cot[c+dx] ]

Jaib
d
(a+ib)®?* (iA-B) ArcTanh] Mf:f—i[?dxw 2 (2aAb+a?B-b?B) /a+bCot[c+dx]
d } d )
2 (Ab+aB) (a+bCot[c+dx])*? 2B (a+bCot[c+dx])®>?
3d . 5 d

Result (type 3, 505 leaves):

ArcTanh | a+bc°t.[c+dx] | ArcTanh| a+bc°tl[“dx] ]
i(a®A-3aAb?>-3a’bB+b’B) Va-ib _ Varib
Vva-ib Vva+ib

(a+bCot[c+dx])® (A+BCot[c+dx])Sin[c+dx]* /

(d (bCos[c+dx] +aSin[c+dx])> (BCos[c+dx] +ASin[c+dx])) +

ArcTanh [ a+b Cot‘[c+d X] } ArcTanh [ a+b Cot.[c+d x] ]
(3a?Ab-Ab*+a’B-3ab’B) fe L + feib

(a+bCot[c+dx])3 (A+BCot[c+dx])Sin[c+dx]* /

(d (bCos[c+dx] +aSin[c+dx])> (BCos[c+dx] +ASin[c+dx])) +

((a+bCot[c+dx])5/2 (A+BCot[c+dx]) (i (-35aAb-23a%B+18b?B) -
15

2 2
— (5Ab?Cos[c+dx] +1labBCos[c+dx]) Csc[c+dx] - —b?*BCsc[c+dx]?
15 5

Sin[c+dx]3 /(d (bCos[c+dx] +aSin[c+dx})2 (BCos[c+dx] +ASin[c+dx]))

Problem 96: Result more than twice size of optimal antiderivative.

J(a+bCot[c+dx])3’/2 (A+BCot[c+dx]) dx

Optimal (type 3, 150 leaves, 9 steps):
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(a—]i.b)3/2 (iA+B) ArcTanh| a+b Cot[c+dx] ]

(a+]'lb)3/2 (]].A—B) Ar‘CTanh[ a+b Cot[c+d x] }

Jaib ) Jarib )
d d
2 (Ab+aB)Va+bCot[c+dx] 2B (a+bCot[c+dx])*?
d 3d

Result (type 3, 441 leaves):

a+b Cot[c+d x] a+b Cot[c+d x]
Ar‘cTanh[ — } Ar‘cTanh[ — ]
i (a®A-Ab*-2abB) . - :
Vva-1ib Va+1b

(a+bCot[c+dx])2 (A+BCot[c+dx])Sin[c+dx]? /

(d (bCos[c+dx] +aSin[c+dx})2 (BCos[c+dx] +ASin[c+dx])) +

ArcTanh [ a+b Cot.[c+d x] ] ArcTanh [ a+b Cot.[c+d x] }
(2aAb+a?B-b?B) aib N Jarib
Va-1ib Va+ib

(a+bCot[c+dx])? (A+BCot[c+dx]) Sin[c+dx]> /

(d (bCos[c+dx] JraSin[c:erx])2 (BCos[c+dx] +ASin[c+dx])) +

2 2
-~ (3Ab+4aB) - —bBCot[c+dXx]
3 3

(d (bCos[c+dx] +aSin[c+dx]) (BCos[c+dx] +ASin[c+dx]))

((a+bCot[c+dx])3/2 (A+BCot[c+dx]) Sin[c+dx]?

/

Problem 98: Result more than twice size of optimal antiderivative.

J(—a+bCot[c+dx]) (a+bCot[c+dx])>?dx

Optimal (type 3, 151 leaves, 10 steps):

(ia—b) (a—jlb>5/2Ar‘cTanh[ a+b Cot [c+d x] }

(a+1‘1b>5/2 (ia+b) ArcTanh| a+b Cot[c+dx] ]

i Jaib . Jaiib .
d d
2b<a2+b2)\/a+bCot[c+dx] 2b(a+bCot[c+dx])5/2
d ) 5 d

Result (type 3, 479 leaves):
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((7a+bCot[c+dx]) (a+bCot[c+dx])>?

4 4 2
[—fb (2a®+3b%) + —ab”*Cot[c+dx] + —b*Csc[c+dx]?
5 5 5

Sin[c+dx]3)/

(d (-bCos[c+dx] +asSin[c+dx]) (bCos[c+dx] +aSin[c+dx])2) +

(a®+b?) (-a+bCot[c+dx]) (a+bCot[c+dx])®?

Ar‘cTanh[ a+b Cot[c+d x] ] Ar‘cTanh[ a+b Cot[c+d x]
i (a%-b?) aib - aiib va+bCot[c+dx] /
Va-1ib Va+ib

(\/Csc[c+dx} vbCos[c+dx] +aSin[c +dx] )+

ArcTanh [ 4/ a+bCot[c+d x] ] ArcTanh [ :{ a+b Cot[c+d x] ]

a-ib + arib va+bCot[c+dx] /
VJa-1b VJa+1b

2ab

(\/Csc[c+dx} \/bCos[c+dx]+aSin[c+dx}) /
(dCsc[c+dx17/2 (-bCos[c+dx] +asin[c+dx]) (bCos[c+dx] +aSin[c+dx])5/2)

Problem 99: Result unnecessarily involves imaginary or complex numbers.

J(—a+bCot[c+dx]) (a+bCotlc+dx])>?dx

Optimal (type 3, 408 leaves, 13 steps):
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a+\/a2+b2 2 \/a+b Cot[c+dx]

V2 \Ja-+at+b? d

+ 2:p2 4 + +
b (a2 +b?) ArcTanh| anato? /2 \[asbcoticidx] ]
a-y bt 2b (a+bCot[c+dx])??

- +

vz Ja atib? d 3d
{b(a2+b2) Log[a++/a*+b? +bCot[c+dx] -2 +1/a?+b? Ja+bCot[c+dx] |

b (a%+b?) ArcTanh |

]

/

2\/? a++/a+b? dJ

{b (a® +b?) Log[a++/a?+b? +bCot[c+dx] /2 +1/a?+b? Ja+bCot[c+dx] | /

2\/? a++/at+b® d

Result (type 3, 178 leaves):

va+bCot[c+dx]

Vva-1b

]+2b (a+b(:0t[c+dx])3/2

3i+/a-1ib (a2+b2)Ar‘cTanh[ ] -

[<a+bCOt[c+dX]) (a+bC0t[C+dX])

va+bCot[c+dx]

Vva+1b

/(73b2dCos[c+dx]2+3a2dsin[c+dx]2)

3iva+ib (a%+b?) ArcTanh |

Sin[c+dx]?

Problem 100: Result unnecessarily involves imaginary or complex numbers.

J(fa+bCot[c+dx]) va+bCot[c+dx] dx

Optimal (type 3, 422 leaves, 13 steps):
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b+/a? + b ArcTanh| av/atb? /2 [a+bCotc-dx] ]

V2 \Ja-+/a?+b?2 d

b+/a?+b? ArcTanh [ m*ﬁ \/a+b Cot[c+d x] ]

F \/ a?+b? 2b+/a+bCot[c+dx]
d
V2 Ja-Vario? d

{b«/a2+b2 Log[a++/a*+b* +bCot[c+dx] -2 +q/a?+b* Ja+bCot{c+dx] ]

/

2\/? a++/a+b? dJ+

{b«/a2+b2 Log[a++/a*+b?* +bCot[c+dx] +/2 +q/a?+b* Ja+bCotlc+dx] ] /

2\/? a++/at+b® d

Result (type 3, 158 leaves):

i (a?+b2) ArcTanh| a+bc°tv[c+dX] | i (a?+b?) ArcTanh| a+bc°t.[c+dx] ]
(-a+bCot[c+dx]) fa-ib - adb +

Vva-1b Vva+1ib

2b+va+bCot[c+dx] |Sin[c+dx] /(d(7bCos[c+dx]+aSin[c+dx]))

Problem 102: Result more than twice size of optimal antiderivative.

J A +BCot[c+dx]
(a+bCot[c+dx])>?

Optimal (type 3, 138 leaves, 8steps):
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(iA+B) ArcTanh | a+bCot [c+dx] ]

Jaib i
(a-ib)*?d
(1A-B) Ar‘cTanh[ a+bc::cj[:dx] ] 2 (Ab—a B)
(a+1’1b)3/2d (a2+b2)d\/a+bCot[c+dx}

Result (type 3, 476 leaves):
(2 (A+BCot[c+dx]) Csclc+dXx]
(bCos{c+dx] +asSin[c+dx]) (AbSin[c+dx] —aBSin[c+dx])>/
((—J’la+b) (ia+b)d (a+bCot[c+dx1)3/2 (BCos[c+dx] +ASin[c+dx])) +

(A+BCot[c+dx])/Csc[c+dx] (bCos[c+dx]+aSin[c+dx])>?

Ar‘cTanh[ a+b Cot[c+d x] } Ar‘cTanh[ a+b Cot[c+d x]
i(aA+bB) aib - arib va+bCot[c+dx] /
Va-1ib Va+ib

(\/Csc[c+dx} vbCos[c+dx] +aSin[c +dx] )+

ArcTanh[ a+b Cot[c+d x] ] Ar‘cTanh[ a+b Cot[c+d x]
(—Ab+aB> aib + a:db va+bCot[c+dx] /
Va-1ib Va+ib

(\/Csc[c+dx} \/bCos[c+dx]+aSin[c+dx}) /
((a—jb) (a+ib)d(a+bCot[c+dx])>? (BCos[c+dx] +ASin[c+dx}))

Problem 103: Result more than twice size of optimal antiderivative.

j A+BCot[c+dx] dx

a+bCot[c+dx])®>?

Optimal (type 3, 185leaves, 9steps):

a+b Cot[c+d x] } a+b Cot[c+d x] }

(iA+B) ArcTanh| (1 A-B) ArcTanh|

Vaib ) Varib .
(a-1ib)>*d (a+ib)**d
2 (Ab-aB) 2 (2aAb-a*B+b?B)

+

3 (a2+b?)d (a+bCot[c+dx])>? (a2 +b?)*d~/a+bCot[c+dx]
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Result (type 3, 620 leaves):

(A+BCot[c+dx]) Csc[c+dx]*? (bCos[c+dx] +aSin[c+dx])>?

a+b Cot[c+d x] 3{a+b Cot[c+d x]
Ar‘cTanh[ — ] Ar‘cTanh[ — ]
i (a®A-Ab*+2abB) : - :
Vva-1b Vva+1ib

va+bCot[c+dx] /(\/Csc[c+dx1 vbCos[c+dx] +aSin[c+dx] )+

ArcTanh [ a+b Coj:.[c+d x] ] ArcTanh [ a+b Cotv[c+d X] }
(-2aAb+a’B-b?B) aib + Ja:ib

va+bCot[c+dx] /(\/Csc[c+dx] \/bCos[c+dx]+aSin[c+dx]) /

((a—jb)z (a+ib)?d (a+bCot[c+dx])>? (BCos[c+dx] +ASin[c+dx])) +

(A+BCot[c+dx]) Csc[c+dx]? (bCos[c+dx] +aSin[c+dx])>

+ +

[ 2 (Ab-aB) 2b? (Ab-aB)

3(-ia+b)?(ia+b)?> 3 (-ia+b)?(ia+b)? (bCos[c+dx] +aSin[c+dx])

|/

2 (8aAbsin[c+dx] -5a?BSin[c+dx] +3b?BSin[c+dx])

3(-ia+b)?(ia+b)? (bCos[c+dx]+aSin[c+dx])
(d (a+bCot[c+dx])*? (BCos[c+dx] +ASin[c+dx}>)

Problem 106: Result more than twice size of optimal antiderivative.

-a+bCot[c+dx]
J dx

(a+bCot[c+dx])®?
Optimal (type 3, 174 leaves, 9 steps):

(1'1 a- b) Ar‘cTanh[ a+b Cot c+dx] ]

(1‘1a+b) Ar‘cTanh[ a+h Cot [c+d x] ]

B Vaib . Vaiib B
(a-ib)*>?d (a+ib)*>*d
4ab 2b (3a2-b?)

3 (a2+b?)d (a+bCot[c+dx])3/2 (a2+b2)2d\/a+bCot[c+dx}
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Result (type 3, 587 leaves):

(-a+bCot[c+dx]) Csclc+dx]*? (bCos[c+dx] +aSin[c+dx])>?

Ar‘cTanh[ a+b Cot[c+d Xx] ] Arc.l_anh[j{amCot[udx] ]

i(a®-3ab?) aib - a:ib vJa+bCot[c+dx] /

Vva-1b Vva+1ib

(\/Csc[c+dx} vbCos[c+dx] +aSin[c +dx] )+

Ar‘cTanh[:{amCot[udx] ] Ar‘cTanh[ a+b Cot[c+d x] }

(-3a’b+b?) aib + aiib vJa+bCot[c+dx] /

Va-1ib Vva+1ib

(\/Csc[c+dx} \/bCos[c+dx]+aSin[c+dx}) /

((a—jlb)z (a+ib)?d (a+bCot[c+dx])*?* (-bCos[c+dx] +aSin[c+dx})) +

{(a+bCot[c+dx})Csc[c+dx]2 (bCos[c+dx] +aSin[c+dx])>

[ 4ab 4ab3
- +
3 (—Jia+b>2 (J‘La+b)2 3 (—J‘La+b)2 (Jia+b>2 (bCos[c+dx] +aSin[c+dx])2

|/

2 (-13a?bsin[c+dx] +3b>Sin[c+dx])

3 (—J‘la+b)2 (J‘La+b)2 (bCos[c+dx] +asSin[c+dx])
(d (a+bCotc+dx])>? (-bCos[c+dx] +aSin[c+dx]))
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Summary of Integration Test Results

106 integration problems

A - 72 optimal antiderivatives

B - 8 more than twice size of optimal antiderivatives
C - 25 unnecessarily complex antiderivatives

D - 1 unable tointegrate problems

E - Ointegration timeouts



